We study the post-Newtonian dynamics of black hole binaries in Einstein-scalar-Gauss-Bonnet gravity theories. To this aim we build static, spherically symmetric black hole solutions at fourth order in the Gauss-Bonnet coupling α. We then "skeletonize" these solutions by reducing them to point particles with scalar field-dependent masses, showing that this procedure amounts to fixing the Wald entropy of the black holes during their slow inspiral. The cosmological value of the scalar field plays a crucial role in the dynamics of the binary. We compute the two-body Lagrangian at first post-Newtonian order and show that no regularization procedure is needed to obtain the Gauss-Bonnet contributions to the fields, which are finite. We illustrate the power of our approach by Padé-resumming the so-called "sensitivities," which measure the coupling of the skeletonized body to the scalar field, for some specific theories of interest.
I. INTRODUCTION
The quest for a quantum theory of gravity and observational puzzles in modern cosmology have led to several proposals for theories of gravity that differ from general relativity (GR). By Lovelock's theorem, these modifications of GR almost inevitably lead to additional degrees of freedom, and the simplest and best studied extensions involve scalar fields (see e.g. [1] ).
The recent LIGO/Virgo observations of gravitational waves finally allow us to test the presence of these additional degrees of freedom and their effect in the strong-field gravity regime. Binary black holes (BHs) have several advantages as probes of strong-field gravity. First of all, observations of binary BH mergers outnumber those of other compact binaries involving neutron stars, at least so far. Furthermore, BHs allow us to perform "cleaner" tests of gravity than systems involving matter, because we do not need to make assumptions on the poorly known state of matter at supranuclear densities.
Unfortunately, the simplicity of BHs in GR applies also to the structure and dynamics of BHs in modified theories of gravity: stringent no-hair theorems imply that BH mergers in many of these theories are observationally indistinguishable from GR (see [2] for a review of no-hair theorems). For example, one such no-hair theorem implies that static, asymptotically flat BH solution are the same as in GR for a vast majority of scalar-tensor theories that lead to second-order equations of motion [3] .
This no-hair theorem is violated in Einstein-scalarGauss-Bonnet (EsGB) gravity, a theory where a scalar degree of freedom ϕ couples to the Gauss-Bonnet scalar R 2 GB = R µνρσ R µνρσ −4R µν R µν +R 2 . EsGB gravity is exceptional in many ways: a coupling of the form f (ϕ)R 2 GB * fjulie@jhu.edu † berti@jhu.edu allows for nontrivial effects in the strong-field, large curvature regime, even in four-dimensional spacetimes.
In fact, the existence of hairy BH solutions in such theories has been known for a long time. Early studies focused on Einstein-dilaton-Gauss-Bonnet (EdGB) gravity [4, 5] , the low-energy effective action of the bosonic sector of heterotic string theory [6] . More recently, BH solutions have been found for more general coupling functions [7] . Even the simplest (shift-symmetric) Gauss-Bonnet theories [8] [9] [10] , where f (ϕ) ∝ ϕ, were shown to evade the no-hair theorems of [3] .
A no-hair theorem for stationary, asymptotically flat BHs in scalar-Gauss-Bonnet theories for a massless scalar with no self-interactions holds under the following conditions: the function f (ϕ) must have an extremum at some constant ϕ =φ, i.e. f (φ) = 0, and f (φ)G < 0. When only the latter condition is violated -e.g., when f (ϕ) ∝ ϕ 2 [11] -these theories exhibit spontaneous BH scalarization, i.e. they allow for nontrivial scalar field configurations that reduce to the BHs of GR in the appropriate limit [11, 12] . The stability of these solutions was studied in various recent works [13] [14] [15] [16] .
Whenever BHs are endowed with scalar "hair", BH binaries produce dipolar radiation in the early inspiral, and their merger dynamics is also different from GR [17] [18] [19] [20] [21] [22] [23] [24] [25] . These considerations led to analytical and numerical work on the dynamics of BH binaries in EsGB gravity at lowest order in the coupling [18, 25] . Ref. [18] computed the dipolar energy flux treating the conservative dynamics at leading (Newtonian) order and, therefore, assuming that the scalar charges of the binary component are constant.
We improve on that treatment in two ways: (1) we allow for the fact that the BH masses and scalar "charges" are not constant: instead, we consistently skeletonize the BHs following a well-established procedure first introduced by Eardley in scalar-tensor gravity [26] , and recently generalized to Einstein-Maxwell-dilaton theory by one of us [27, 28] ; (2) as a consequence of the skeletonization, we can self-consistently compute higher-order post-Newtonian (PN) terms in the Lagrangian.
The plan of the paper is as follows. In Sec. II we find analytical solutions for hairy black holes valid up to fourth order in the GB coupling, and we discuss their thermodynamical properties. In Sec. III we use Eardley's "skeletonization" technique to show that the mass is not constant, and therefore that it is necessary to go beyond Newtonian order in the conservative dynamics. We also find the remarkable result that, in the PN regime, a BH can be uniquely characterized by its Wald entropy. In Sec. IV we present the two-body Lagrangian for a generic EsGB theory of gravity and, as an example, we discuss BH sensitivities in EdGB. In Sec. V we conclude by pointing out possible directions for future work.
Some lengthy technical material is relegated to the appendices. Appendix A presents a simple derivation of the EsGB field equations in arbitrary dimensions that (as far as we know) does not appear in the published literature. Appendix B lists some of the lengthier coefficients in the analytical expansion of the metric and scalar field for EsGB BHs at fourth order in the GB coupling. Appendix C gives analytical expressions for the thermodynamical variables characterizing these BHs. Appendix D contains the derivation of one of our most important results: the two-body Lagrangian at first post-Newtonian (1PN) order. Along the way, we find another remarkable result: the Gauss-Bonnet contributions to the fields are finite, and no regularization procedure is necessary at 1PN order. In Appendix E we study the BH sensitivities in two special cases of EsGB gravity that were extensively considered in the literature: theories where the coupling depends quadratically on the field and shift-symmetric theories.
II. HAIRY BLACK HOLES AND THERMODYNAMICS
EsGB theories supplement GR with a massless scalar field coupled to the Gauss-Bonnet Lagrangian density. In vacuum and in geometrical units (G ≡ c ≡ 1), they are described by the action
where R is the Ricci scalar, g = det g µν denotes the metric determinant, and the integral of the Gauss-Bonnet scalar over spacetime
GB is a boundary term in dimension D 4 (see e.g. [29, 30] ). The coupling constant α (which is chosen to be positive without loss of generality) has dimensions of length squared, and f (ϕ) is a dimensionless function defining the theory.
The vacuum field equations follow from the variation of the action (II.1):
where ∇ µ denotes the covariant derivative associated to g µν , and ≡ ∇ µ ∇ µ . The divergenceless quantity
R has the symmetries of the Riemann tensor (see e.g. [31, 32] ), and P µν ≡ P λ µλν . Details of the derivation of Eq. (II.2a) are in Appendix A (see also [4] and [33] for alternative formulations of the EsGB field equations).
A. Black holes in generic Einstein-scalar-Gauss-Bonnet theories
There is an extensive body of work on BHs in EsGB gravity. When the coupling α between the scalar field and the Gauss-Bonnet invariant is small, the vacuum field equations (II.2) can be solved analytically and perturbatively around GR. This program was carried out in the string-inspired EdGB theory with coupling f (ϕ) = 1 4 e 2ϕ to find static solutions [34] [35] [36] and their slowly spinning counterparts [37] [38] [39] up to order O(α 7 ). The same approximation scheme was used in the "shift-symmetric" theory f (ϕ) = 2ϕ (which is invariant under ϕ → ϕ + constant, see (II.1) and below), but only for nonspinning BHs and up to order O(α 2 ) [8, 9] . The field equations (II.2) were solved numerically and nonperturbatively, also for rapidly spinning BHs (see e.g. [4, 5, 40] ). Theories where f (ϕ) = 0 and f (ϕ)R 2 GB > 0 for some ϕ = ϕ 0 -such as the theories
and f (ϕ) = − 1 2λ e −λϕ 2 , with λ ∈ IR -predict instabilities of GR BHs in favor of other branches of stable solutions with nontrivial scalar "hair" [7, 11, 12, 14-16, 41, 42] .
Our first goal is to complement and extend these results by obtaining analytical, asymptotically flat BH solutions with (secondary) scalar "hair" at high order in the coupling α and in an arbitrary EsGB theory (see e.g. [2] for a review of no-hair theorems and the classification of hairy BH solutions). Let us focus on static, spherically symmetric solutions in a Just coordinate system:
with ϕ = ϕ(r). For a Schwarzschild spacetime with mass parameter m we have A = 1 − 2m/r, B = 1 and ϕ = ϕ ∞ , where ϕ ∞ is an arbitrary constant. When the coupling constant α is nonzero, we must solve Eq. (II.2) as a perturbative expansion in the dimensionless parameter 
together with the Taylor expansion
in the field equations (II.2) and solve order-by-order, ignoring branches with singular horizons. The result is:
with u ≡ 2m/r. For convenience, the EsGB corrections to the coefficients in A which are proportional to 1/r have been conveniently reabsorbed in the definition of m. The quantities A i 3 , B i 3 and ϕ i 2 depend on m and on the function f (ϕ) and its derivatives evaluated at infinity, i.e. (d n f /dϕ n )(ϕ ∞ ) with n ∈ [0, 4]. They are rather lengthy, and their explicit expressions can be found in Eqs. (B.1)-(B.3) of Appendix B.
The solution above depends on two integration constants: the Arnowitt-Deser-Misner (ADM) mass m -i.e., one-half the O(1/r) coefficient of g rr at infinity -and the asymptotic value ϕ ∞ of the scalar field at spatial infinity.
The results above match previous analytical work in the respective limits, but they also extend it in several ways:
(i) the solution (II.3) with the expansion coefficients listed in Eqs. (II.7) is valid for arbitrary EsGB coupling functions;
(ii) the solution is given explicitly at order O( 4 ) in the Gauss-Bonnet coupling, and in principle it can be extended to higher orders. As such it contains detailed information on the BH's structure, that will be useful below to characterize the dynamics of BH binaries (cf. Sec. IV B).
(iii) the solution depends on the asymptotic value ϕ ∞ of the scalar field at infinity, unlike most previous work on isolated BHs, where ϕ ∞ was (and could be) set to zero for simplicity: see e.g. [15, 36] . For binary BHs, ϕ ∞ cannot be fixed to zero anymore. This is one of the key messages of this paper, for reasons explained in Sec. III below. Perhaps more remarkably, the EsGB BH solution satisfies the first law of BH thermodynamics in terms of the following intensive and extensive parameters.
The BH temperature T is
where the surface gravity κ is defined by
, and ξ µ = (1, 0, 0, 0) is the timelike Killing vector associated to stationarity.
The action (II.1) can be written in terms of a Lagrangian density L as I ≡ d 4 x √ −gL. The BH entropy S w is then given by Wald's formula [43] :
Here σ is the determinant of the induced metric on the horizon with unit normal vectors n µ = (1/ √ −g tt , 0, 0, 0) and l µ = (0, 1/ √ g rr , 0, 0), and µν = n [µ l ν] . Evaluating the Wald entropy (II.9) for the action (II.1) yields
i.e. the total entropy is the sum of the standard Bekenstein entropy S B = A H /4 and a Gauss-Bonnet contribution [44] .
Here ϕ H ≡ ϕ(r H ) denotes the value of the scalar field on the horizon. Finally, it is well-known in scalar-tensor theories that the scalar field contributes to the global mass M as follows:
where m is the ADM mass defined earlier; see e.g. [45] [46] [47] [48] and references therein. The quantity D is defined from an asymptotic expansion of the scalar field as ϕ = ϕ ∞ + D/r + O(1/r 2 ), and it is sometimes called the scalar "charge" of the BH, although ϕ is not a gauge field in general.
We can now evaluate the temperature T , entropy S w and "charge" D for our analytical BH solution. Their expressions in terms of the integration constants m and ϕ ∞ are collected in Appendix C, and they can be used to check that the variation of S w and M with respect to both m and ϕ ∞ satisfy the following identity, at least at order O( 4 ):
This first law of BH thermodynamics describes how the equilibrium configuration of the EsGB BH readjusts when it interacts with its environment. In particular, in Sec. IV below we will investigate the variations of the scalar field environment ϕ ∞ induced by a far-away binary companion.
To summarize: we have solved the vacuum field equations (II.2), obtained a BH solution at fourth order in the coupling α, and verified that this solution satisfies a first law of BH thermodynamics that accounts for the scalar field environment ϕ ∞ of the BH, when the BH entropy is defined à la Wald. These results are our starting point for an analytical investigation of the dynamics of BH binaries in a generic EsGB theory.
III. SKELETONIZATION: REDUCING AN EINSTEIN-SCALAR-GAUSS-BONNET BLACK HOLE TO A POINT PARTICLE
We now want to describe the motion of EsGB BHs in binary systems. To this aim, it is convenient to "skeletonize" the BH by adding it as a point source A to the vacuum action (II.1):
(III.1)
] is the worldline of particle A. The mass function m A (ϕ), which replaces the constant GR "mass" m A , is a scalar function that depends on the value of the scalar field at its location x µ A (s A ), and it was first introduced by Eardley to account for the coupling of a star A to its scalar field environment in scalar-tensor theories [26] . This approach was generalized to "hairy" BHs in Einstein-Maxwell-dilaton (EMD) theories in [27, 28] (see also [49] ).
The ansatz (III.1) does not depend on any field gradients, e.g. ∂ µ ϕ. Neglecting such terms corresponds to neglecting finite-size effects (e.g., tidal forces) [50] : cf. [51] for recent work on this topic in scalar-tensor theories.
The question we address here is the calculation of the function m A (ϕ) for EsGB BHs. Following the techniques developed in [27] , we impose that the fields generated by extremizing the action (III.1) match those of the BH built in the previous section.
A. The matching conditions
The field equations following from the variation of (III.1) are:
where δ (4) (x−y) is the four-dimensional Dirac distribution and T A µν is the distributional stress-energy tensor
Let us solve the filed equations perturbatively around a Minkowski metric η µν and a constant scalar background ϕ ∞ . At infinity and at leading order, the Gauss-Bonnet contributions to the right-hand side of Eq. (III.2) vanish. In the rest frame of the point-source A (i.e. setting x A = 0) and using harmonic coordinates such that ∂ µ ( √ −gg µν ) = 0 we find:
At leading order, the large-r expansion of the metric and of the scalar field depends on the function m A (ϕ ∞ ), its derivative m A (ϕ ∞ ), and the asymptotic scalar field value ϕ ∞ . This should be compared with the asymptotic behavior of the BH spacetime we derived in Sec. II A written in terms of the same harmonic radial coordinatẽ r through the relation r =r + m + O(1/r):
(III.5b) Therefore the skeletonized point particle A will match the fields of an EsGB BH if and only if
Indeed, when seen as a boundary condition at infinity, Eqs. (III.5) identify a unique solution to the vacuum field equations (II.2). Therefore, a point particle with a scalar field-dependent mass m A (ϕ) satisfying the matching conditions (III.6) generates fields which reproduce (outside of the distribution) those of the BH at all orders in a 1/r expansion. The covariance of Eq. (III.1) ensures that this is true in any reference frame, that is, independently of the motion of the BH. Now, since the scalar hair of EsGB BHs is secondary (see e.g. [2] ) D is not an independent integration constant, and it can be written as a function D(m, ϕ ∞ ): cf. Eq. (C.4). We can replace m by m A (ϕ ∞ ) in D(m, ϕ ∞ ) because of the matching condition (III.6a), and replace the resulting expression on the right-hand side of the matching condition (III.6b). This procedure yields the following differential equation for the function m A (ϕ):
, and where we dropped the ∞ subscript for simplicity. We now turn to the solution of this first-order differential equation, which will involve a single integration constant µ A . As we show below, this constant is related to the Wald entropy of the BH.
B. A constant-entropy skeletonization
The solution to (III.7) can be built iteratively and reads
where µ A is a positive integration constant with dimensions of mass. The theory-dependent functions F i (ϕ) depend on f (ϕ) and its derivatives:
The mass function m A (ϕ) of an EsGB BH, Eq. (III.8), is the main result of this section. The information encoded in the complicated form of the spacetime metriccf. Eqs. (II.7), (B.1) and (II.7c) -is now summarized in a set of four compact body-independent functions F i (ϕ), which will turn out to play an important role in describing the interaction of the BH with a companion. More importantly, the expression of m A (ϕ) shows that a skeletonized BH is characterized by a single parameter µ A .
The physical interpretation of this parameter can be found thus: invert Eq. (III.8) order-by-order in α, and use the matching condition (III.6a) to write µ A as a function of m and ϕ ∞ . The result shows that µ A is nothing but the BH's irreducible mass [52] :
where S w is the BH's Wald entropy defined earlier, and computed explicitly in Appendix C [cf. Eq. (C.
3)]. The reason why the BH's (Wald) entropy plays such a central role in the skeletonization is best revealed by thermodynamics. The variation of the global mass M defined in (II.11),
vanishes identically because of the matching conditions (III.6): δM = 0. In other words, when we skeletonize a BH representing it by a point particle A, we implicitly assume that it is isolated, i.e., that it exchanges no mass M with its environment. By the first law (II.12), the BH entropy must then remain constant: δS w = 0. Therefore it is a suitable parameter to characterize the BH. The physical meaning of the "skeletonization" process can be interpreted as follows. When replaced by a point particle, a BH is described by a constant (Wald) entropy S w together with a scalar environment ϕ ∞ which cannot be set to zero: for example, in Sec. IV the value of ϕ ∞ will be determined by a (far-away) companion B. During the bodies' slow inspiral, the variation of ϕ ∞ forces BH A to readjust its equilibrium configuration adiabatically, i.e. at constant values of its Wald entropy S w . On the contrary, the BH's ADM mass m and scalar "charge" D are from now on functions of ϕ ∞ : cf. Eq. (III.6).
Previous work [27, 48] applied a similar skeletonization procedure to Einstein-Maxwell-dilaton (EMD) BHs, characterized by a scalar "hair" along with a U (1) charge. The EMD mass function m A (ϕ) was also found to depend on a single integration constant (the irreducible mass µ EMD A = S B /4π); however in the EMD case, S B = 1 4 A H is the Bekenstein entropy. This paper hints at a possible universality of this result, since its holds for theories whose metric sector differs from the Einstein-Hilbert action, as long as the Bekenstein entropy is replaced by Wald's. We conjecture that this conclusion might apply to any scalar-tensor theory of gravity.
IV. BLACK HOLE BINARIES
So far we found analytic solutions for isolated EsGB BHs, and skeletonized the BHs by describing them as point particles endowed with a scalar field-dependent mass m A (ϕ) which encodes information on their structure. We can now describe a binary BH system by an action depending on two such mass functions m A (ϕ) (A = 1, 2):
where we recall that
Starting from the skeleton action above, in Sec. IV A we present the PN two-body Lagrangian for arbitrary compact binaries in EsGB theories (relegating the details of the calculation to Appendix D). In Sec. IV B we use the mass function m A (ϕ) of Eq. (III.8) to better understand the dynamics of binaries composed of two "hairy" BHs in a specific class of EsGB theories: EdGB gravity.
A. The post-Newtonian Lagrangian
The variation of (IV.1) yields the field equations
where T A µν denotes the distributional stress-energy tensor of particle A: cf. Eq. (III.3).
In this paper we focus on the conservative dynamics of compact binaries on bound orbits. When the bodies' relative orbital velocity v is small and in the weak-field limit m/r 1 (where r is the orbital separation radius and m their mass), the motion can be described in the PN framework. In Appendix D we derive the first PN twobody Lagrangian up to order O(v 2 ) ∼ O(m/r) beyond Newton. We solve the field equations (IV.2) perturbatively around a flat Minkowski metric η µν with a constant background scalar field value ϕ 0 . As we shall illustrate below, ϕ 0 cannot be set to zero: its value is imposed by the binary's cosmological environment.
Adopting the conventions of Damour and EspositoFarèse [53, 54] , the mass functions m A (ϕ) and m B (ϕ) can be expanded by defining
where from now on a "0" superscript means that the corresponding quantity is evaluated at ϕ = ϕ 0 . The "sensitivity" α 0 A = (m A /m A )(ϕ 0 ) measures the (relative) coupling of the skeletonized body A to the scalar fieldsee e.g. Eq. (III.6) -and it will play a key role below.
With these definitions, and working in a harmonic coordinate system such that ∂ µ ( √ −gg µν ) = 0, the PN Lagrangian reads (reinstating Newton's constant G for clarity):
where the Gauss-Bonnet contribution reads
Here x A denotes the position of body A, r ≡ |x A − x B |, n ≡ (x A − x B )/r, and v A ≡ dx A /dt. We also introduced the combinations
together with their counterparts that can be obtained by swapping indices (A ↔ B).
The two-body Lagrangian (IV.6), including the GaussBonnet contribution (IV.7), is one of the main results of this paper. It describes the first relativistic corrections to the dynamics of an arbitrary binary system in EsGB theories. The simplicity of the result is quite striking: L AB is the sum of the ordinary scalar-tensor two-body Lagrangian (see e.g. [53] ) plus a term resulting from the complex coupling to the Gauss-Bonnet scalar, which (as shown in detail in Appendix D) boils down to adding the simple correction of Eq. (IV.7).
Since ∆L
GB
AB depends on an extra dimensionful coupling α, it should a priori be considered as a 1PN contribution to the two-body Lagrangian. However, by rewriting (IV.7) as
, we can regard it as a 3PN correction whenever the "small-α" approximation αf
holds. This perturbative approximation is commonly used in the literature, and it was used in the derivation of our BH solutions (Sec. II A). The two-body Lagrangian was recently calculated at 3PN order for pure scalar-tensor theories in [55, 56] . Our results extend this Lagrangian to EsGB theories: we just need to add the contribution coming from Eq. (IV.9). At least in the small-α regime, the results of Ref. [56] , supplemented by the Gauss-Bonnet contribution (IV.9), yield the full EsGB Lagrangian at 3PN order.
In previous analytical calculations of the dynamics of binary systems in EsGB gravity [18] the field equations were sourced by particles with constant masses and constant scalar "charges", denoted by m A and q A : see e.g.
Eqs. (63)- (64) or Eq. (71) of [18] . This is equivalent to truncating the expansion (IV.5) at linear order. The work of [18] describes the conservative dynamics at leading (Newtonian) order. By endowing the particles with scalarfield dependent masses m A (ϕ), our treatment differs from theirs in two crucial ways:
(1) we allow for the fact that the masses and scalar "charges" are not constant, as discussed below Eq. (III.11);
(2) the skeletonization allows us to deal with higher PN terms: the β 0 A -dependent contributions in Eq. (IV.6) cannot be captured by the approach of Ref. [18] .
The coupling α to the Gauss-Bonnet scalar affects the structure of the two-body Lagrangian only through the term (IV.9). However, α also crucially affects the masses m A (ϕ)
A which appear also in the "ordinary" scalar-tensor part of the Lagrangian (IV.6). In the next section we will study α A (ϕ 0 ) for several selected EsGB coupling functions, using the corresponding BH solutions and their skeletonization (Sec. III).
B. Black hole sensitivities in a binary system: the Einstein-dilaton-Gauss-Bonnet example
In subsection IV A we derived a PN two-body Lagrangian which generalizes that of GR through the quantities α A and β A defined in Eqs. (IV.3) and (IV.4). We now specialize this Lagrangian to a binary of EsGB BHs. More precisely, our goal is to compute the "sensitivity parameter" α Taking the logarithmic derivative of m A (ϕ) given in (III.8) yields
(IV.10) where
is the weak GB coupling of a constant-entropy BH. The functions A i (ϕ 0 ) depend on the theory only through the function f (ϕ 0 ) and its derivatives f (n) (ϕ 0 ):
Moreover, in the following it will be convenient to resum the Taylor expansion (IV.10) in the variable x by using a diagonal (2, 2) Padé approximant (see e.g. [57, 58] for discussions of Padé approximants):
The Padé resummation, which replaces polynomials by rational functions, has two important advantages: it can improve the convergence of the expansion (IV.10) and (perhaps more importantly) it can capture interesting nonperturbative phenomena, as we clarify below. Using Eqs. (IV.10) and (IV.13) we shall identify regimes where the BH binary dynamics significantly departs from GR. In the remainder of this section we focus on EdGB gravity as a prototypical, well motivated special case of EsGB theories. To improve readability, we relegate two other important examples (quadratic and shift-symmetric theories) to Appendix E.
Einstein-dilaton-Gauss-Bonnet theories
Using the conventions of Ref. [4] , the "string-inspired" subclass of EdGB theories is characterized by the exponential coupling function 14) so that the fundamental action (II.1) is invariant under the simultaneous redefinitions ϕ → ϕ + ∆ϕ and α → αe −2∆ϕ , with ∆ϕ an arbitrary constant. Recall that here the parameter α (with no subscripts) denotes the fundamental coupling to the GB invariant in the action (II.1).
The scalar coupling function for BH A of Eq. (IV.10) then becomes To accelerate the convergence of our expansion, we Padé-resum it as in Eq. (IV.13). This operation reveals a remarkable feature: the resummed sensitivity α The presence of a pole in the full, nonperturbative coupling α 0 A is at first sight surprising. Upon further consideration, however, this feature is particularly appealing. While no exact analytical BH solutions are known in EsGB theories, it is well-known that the area A H of a static BH and the value ϕ H of the scalar field at the horizon must satisfy the following nonperturbative constraint (see e.g. [12] ):
When the constraint is violated, the scalar field diverges at the horizon and the BH becomes a "naked singularity" (cf. [4, 12] , or [59] for further numerical evidence). In the EdGB subclass of theories studied here, and for a skeletonized BH characterized by a constant irreducible mass µ A , we can use Eqs. (II.10) and (III.10) to write A H in term of µ A and ϕ H , so the constraint above becomes
This nonperturbative bound confirms the conclusion that an EdGB BH solution with fixed Wald entropy µ A must become singular when the scalar field at the horizon ϕ H reaches a critical value. Unfortunately, the prediction (IV.17) for the numerical value of the pole cannot be directly compared with the nonperturbative condition (IV.19). Such a comparison would require us to relate the value ϕ H of the scalar field on the horizon to the value ϕ 0 of the field at infinity. It is still significant that the Padé resummation predicts the existence of a critical value for ϕ 0 at which the BH sensitivity α 0 A diverges. Figure 1 highlights the crucial role of the (cosmological) background scalar field ϕ 0 on the dynamics of an EdGB BH binary. As ϕ 0 increases, the BH transitions progressively between two "universal" regimes: This "transition" is universal because the Wald entropy µ A only affects the location of the pole, as shown 1 An approximate relation between ϕ H and ϕ 0 can be found from the solution (II.7c) for the scalar field and the horizon location (C.1), which are both known in the perturbative limit (i.e., for small coupling). Using Eq. (III.8) we can write m A in terms of µ A . Inserting the resulting ϕ H (ϕ 0 ) in (IV.19) then yields x pole = 0.331. Considering that the results of Sec. II A break down in the nonperturbative regime, this value is at least in qualitative agreement with Eq. (IV.17). As another indication of convergence, we checked that the diagonal, (2, 2) Padé approximant performs "better" than off-diagonal Padé approximants, in the sense that the pole location (IV.17) predicted by the diagonal approximant is the closest to the value x pole = 0.331 that results from the procedure described here.
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V. CONCLUSIONS
The result we presented at the end of the previous section suggests that EdGB (and more generally, EsGB) theories must be treated with great care: when ϕ 0 is too large, the response of the BH to the scalar field diverges and the two-body problem is not even well-defined. Numerical work and/or higher-order expansions in the coupling seem necessary to verify this conclusion and to assess the convergence properties of the Padé resummation.
However, the result seems compatible with hints from recent numerical work in various quadratic gravity theories. Simulations of stellar collapse and binary mergers have been successful in the decoupling limit [25, [60] [61] [62] [63] , but the extension to the "full" theory presents notable conceptual and practical difficulties [33, [64] [65] [66] [67] [68] : for example, there are open sets of initial data for which the character of the system of equations changes from hyperbolic to elliptic in a compact region of the spacetime. Our work supports the expectation that quadratic theories should only be studied and trusted (in an effective field theory sense) in the weak-coupling regime.
An important limitation of our study is that the analytic expansion of our BH solutions (and hence their skeletonization) was performed around a Schwarzschild background. This rules out, by construction, the scalarized solutions discussed in the introduction. An extension of our work to scalarized solutions is necessary and important for gravitational-wave phenomenology.
At least in the small-α regime, the results of Ref. [56] , supplemented by the Gauss-Bonnet contribution computed here [Eq. (IV.9)], yield the full EsGB Lagrangian at 3PN order. It will be interesting to extend the effectiveone-body program to this more general class of theories: see [69, 70] for similar work in "ordinary" scalar-tensor gravity, and [28, 49] for related work in EMD theory.
Our work should find application in analytical studies of dynamical scalarization (see [71] ) and in future studies of binary dynamics, using either the effective-one-body formalism or numerical relativity.
We wish to conclude by highlighting two technical results that we consider conceptually important: (1) At least during the inspiral, the mass function of skeletonized BHs [Eq. (III.8)] is uniquely characterized by their Wald entropy. We conjecture that this might be true in all theories where the gravity sector differs from the Einstein-Hilbert Lagrangian. It will be interesting to test the validity of this conjecture and formally prove it.
(2) The Gauss-Bonnet contributions to the fields are finite [Eq. (D.14)] and no regularization procedure is necessary, at least at 1PN order. While further work is necessary to determine whether this conclusion extends to higher PN orders, this intriguing result is yet another hint of the very special nature of EsGB gravity. tor O. Silva, Leo Stein, Kent Yagi and Nico Yunes for discussions and suggestions, and the physics department at the University of Rome "Sapienza" for hospitality while this work was being completed. We are particularly grateful to Luc Blanchet for sharing his expertise on the Fock Let us generalize our vacuum action (II.1) to arbitrary dimensions:
(A.1) In order to derive the associated Einstein field equations, it is useful to rewrite the Gauss-Bonnet scalar as [29, 30] 
denotes the generalized Kronecker symbol, which is the determinant of the N × N matrix M built from ordinary Kronecker symbols as M i j = δ αi βj . The quantity P µνρσ has the symmetries of the Riemann tensor and is divergenceless: it can be easily shown using the Bianchi identities that ∇ µ P µ νρσ = 0. The variation of the last term of (A.1) with respect to g µν can therefore be written as:
where
is the Gauss-Bonnet tensor. Now, using successively δR
, integration by parts and the properties of P µνρσ , one finds
modulo boundary terms ignored here. The variation of the first two terms in (A.1) is elementary, and the full Einstein field equations are thus, in any dimension D:
When D 4, the Gauss-Bonnet tensor H µν vanishes identically, as obvious from its expression above in terms of the rank-five generalized Kronecker symbol. Taking the trace of (A.6) finally yields Eq. (II.2a). Using the notation f
and recalling that u = 2m/r, the remaining contributions to the static, spherically symmetric BH solutions (II.3)-(II.7) to the vacuum field equations (II.2) are: 
and finally
It is then simple to compute the Kretschmann scalar of the spacetime, with the result (recall that = αf
2 ):
This expression diverges only at the origin r = 0, showing that our BH solution is regular everywhere outside the horizon, since r H > 0 when 1: cf. Eq. (C.1).
Appendix C: The thermodynamical variables of Einstein-scalar-Gauss-Bonnet black holes
The solution presented in Sec. II A and Appendix B can be characterized by the thermodynamic quantities defined in Sec. II B. Here, we give their expressions in terms of the integration constants m and ϕ ∞ , denoting ≡ αf
2 . The location of the horizon u H = 2m/r H , the temperature T (II.8), the Wald entropy S w -as defined in Eqs. (II.9) and (II.10) -and the scalar "charge" D defined below (II.11) are given by
Appendix D: The two-body Lagrangian at first post-Newtonian order
In this appendix we derive the PN two-body Lagrangian of EsGB theories, Eq. (IV.6). For a bound binary system, we compute the relativistic corrections in the weak field, slow velocity approximation at order O(m/r) ∼ O(v 2 ), where r is the distance separating the bodies and v is their relative velocity.
Our first goal is to solve the EsGB field equations (IV.2) sourced by two point particles:
where we recall that T µν A is the distributional stress-energy tensor of the skeletonized body A located at x µ A = (t, x A ):
At 1PN order and in Cartesian coordinates, it is convenient to expand the metric around Minkowski as [72] :
where, as we show below, U = O(v 2 ) and g i = O(v 3 ). We can also expand the scalar field ϕ as
The masses m A (ϕ) are expanded around the value ϕ 0 of the scalar field at infinity, using the quantities defined in Eqs. (IV.3) and (IV.4):
(D.5) Here a "0" subscript indicates that the quantity is evaluated at ϕ = ϕ 0 . In a harmonic coordinate system and at 1PN order we have
, and
. The Gauss-Bonnet term contributes to the field equations through P 0i0j +
, so the field equations read
where η = η µν ∂ µ ∂ ν is the flat D'Alembertian and ∆ = δ ij ∂ i ∂ j is the flat Laplacian.
When the Gauss-Bonnet coupling is switched off, i.e., α = 0, the system above reduces to the standard scalartensor field equations at 1PN. We can now solve these equations using standard methods (see, e.g. [53, 54] or [27] ) through the relativistic Green's function
which, as we focus here on the conservative sector, is half-retarded, half-advanced:
All derivatives are understood in a distributional sense.
The new α-driven sources of Eqs. (D.6a) and (D.6c) enter (formally) at 1PN level. To evaluate them we must replace U and ϕ by their leading (0PN) expressions, yielding equations of the form:
The solution h 12 (x) can be found as follows. When y 1 = y 2 , we can replace the gradients ∂ i by derivatives with respect to the source locations y 1 and y 2 :
Now note that ∆ −1 commutes with the y i -derivatives, and recall the well-known result first established by Fock (see, e.g. [73] ),
(D.11) A rather lengthy but straightforward calculation then yields:
It can be checked that the contribution from the first set of derivatives in Eq. (D.10) vanishes identically: the first, "Dirac squared" term in Eq. (D.9) can be ignored.
The case y 1 = y 2 can be inferred from Eq. (D.12). Denoting n 1 ≡ x−y1 |x−y1| and n 12 ≡ y2−y1 |y2−y1| , and taking the limit ≡ |y 1 − y 2 | → 0, we find:
We can finally average out n 12 over spatial directions using n 
(D.14)
The simplicity of Eq. (D.14) is striking: the GaussBonnet contributions to the fields are finite, and no regularization procedure (see e.g. [74] ) is necessary to solve Eq. (D.6) at 1PN order. The generalization of this remarkable fact to higher PN orders is left to future work.
We can now solve Eq. (D.6) to find:
where x µ = (t, x) and
The two-body Lagrangian can now be straightforwardly obtained à la Droste-Fichtenholz, a technique which, at this order, is equivalent to computing, e.g., a Fokker Lagrangian [75] . First, one writes the Lagrangian of, say, body A considered as a test particle in the fields of B: 
which is straightforwardly rewritten as Eq. (IV.6). This completes our derivation. In Sec. IV B we studied BH sensitivities in one of the best motivated subclasses of EsGB theory, namely EdGB gravity. Here we generalize the analysis to quadratic and shift-symmetric EsGB theories.
a. Quadratic coupling
Let us consider EsGB theories where the coupling function depends only on ϕ 2 , i.e. is of the form [12] f (ϕ) = − e 
266112000 .
In the special case λ = 1 we find For EsGB theories with quadratic couplings of the form (E.1), a BH with irreducible mass µ A is regular outside Note that the condition above is not very restrictive, as the coupling constant α/µ 2 A is expected to be small. The same conclusions apply to the case λ = 1, as illustrated in the left panel of Fig. 2 . In the white region of the {α/µ 2 A , λ} plane, the inequality (E.4) is satisfied for any value ϕ H of the scalar field at the horizon. In the shaded area, the inequality (E.4) is violated within two symmetric ϕ H intervals. At the boundary between these two regions, these intervals reduce to two points.
The right panel focuses on the special case λ = 1. When α/µ ] and [
, +∞[, respectively. Padé crit using higher-order expansions in α is an interesting topic for future work.
Once again, the scalar field value ϕ 0 at infinity plays a major role. As |ϕ 0 | increases, the sensitivity |α As a third and last example, let us consider shiftsymmetric theories [8, 9] with f (ϕ) = 2ϕ .
(E.7)
The action (II.1) is symmetric under the shift symmetry ϕ → ϕ + ∆ϕ, where ∆ϕ is a constant. The sensitivity (IV.10) reads and it is also invariant under ϕ 0 → ϕ 0 + ∆ϕ, since then µ This equation predicts the existence of a maximum value for ϕ H which depends linearly on α/µ 2 A . A numerical study and higher-order expansions in α, possibly combined with Padé resummation techniques, would be useful to confirm these predictions.
